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Abstraet: Mew procedures for the management of risk--—1o the public, the envirconment and military personnel---have been
developed for weapons firing ranges, to replace ones which lacked an adequate conceptual and scientific basis. In this paper,
these new lechniques will be described, and examples given of their use. The computational basis of the techniques is
simulation, buf naive simulation is prohibitively expensive, so we shall discuss how simulation can be modified to obtain
resulis, and especially how the necessity of obtaining estimates of the accuracy of the results affects the computational
techniques. An important feature of our techniques is that we are able to compute estimates of the spatial {ie 2D, 3D, and also
time-varying) distribution of the risk. The results can be presented in many ways, the choice of method depending on the
problem at hand, or the aspect that it is desited to model. One important aspect is the immediate safety of the public; another,
bt o date less explored, aspect is the assessment of the spatial distribution of damage to the environment through destruction
of flora {eg by explosion), and the dispersal of chemical contaminants (eg lead) in the range region.

I INTRCDUCTION

When the rockets go up,

(Lehrer)

Who cares where they come down?

1.1 The range safety problem

How sale are weapons ranges? In particular, how does
the risk of injury or damage depend on the location of
a vulnerable object?

Many different types of weapon are fired on many dif-
ferent types of range. On military ranges the weapons
fired may be automatic, sach as machine-guns, deliver
munitions with explosive charges, such as guided mis-
siles and artillery shells, or munitions which release mul-
tiple suhmunitions (bomblets). Moving targets and fir-
ing platforms may De involved, as in air-fo-ground, or
air-to-air practices. The firing range may be intrinsically
threse-dimensional; the maximum range of the weapons
may vary from a few to many kilometres; the dam-
age cansed may be localised {(small arms) or widespread
(high explosive shells}.

Decisions about how large firing ranges should be,
snd what shape, involve choices about the use of re-
sources and an assessment of the refative importance of
competing components of the public good. Satisfactory
policy-making under these circumstances requires polit-
ical decisions and the resolution of complex technical
issues.
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1.2 The lack of a sclentific basis

I shot an arrow into the air,
It fell to earth, I know not where.  (Longfellow)

In the field, danger areas are often defined by laying
a ‘template’ over a map of the range. (For an example,
see Section 3.4.) The size and shape of the template
depend upon the weapon being fired, the ammunition
and the type of practice. As observed in Amies {1886),
in Australia the official manuals refer to no mathemat-
ical or statistical analysis upon which the procedures
could be based. The basis of many danger area tem-
plate dimensions appears to lie entirely in a consensus
of informally collected range experience. For example,
Australian practice on small arms ranges was based at
least until 1967 on a sequence of British War Office pub-
lications. It is said {Australian Delegation to IRSACG,
1989) that the minimum allowed hetght for firing live
ammunition over the heads of troops originates from the
British War Ulice’s requirement of 1908 that this exceed
by 6 feet the height of a lancer mounted on horseback.

The reasons for concern There have been sertous
accidents invelving the public. In the United Kingdom,
for example, in 1933 a woman was {atally wounded while
near but vutside the boundary of Ash Range in Surrey
{The Times, 1983} and in 1988 an eleven-year-old boy
was hit by shrapnel from a 105mm shell accidentally
fired into the village of Enford {The Times, 1988). In
other countries too thers have been accidents involving
members of the public outside range boundaries, bub
these are less publicly documented. Irom the historical
record it cannot simply be assumed that fAring ranges
are safe.



1t is the duty of those responsible [or the management
and eperation of firing ranges to provide sclentifically-
based estimates of the degree of risk to which the public
is exposed. We now have availlable a reasonably com-
plete theoretical model of many aspects of the prob-
lem, on the basic of which it is poessible to make pre-
dictions under realistic assumptions. {See for example
Pope, 1988, 1991.) The Australan Ordnance Council
has adepted this theorstical model in principle. How-
ever, at present, insufficient experimental work has been
done, so that the data required to use the model are lack-
ing. It is hoped that future international collaboration
will rapidly rectify this situation.

2 A MATHEMATICAL MODEL

In addition to position, the motion of a projectile is
determined by the values of other parameters, such as
momentum of the cenlre of meass and angular momen-
tum. The siate of a projectile at a partioular point in
its motion is defined %o be the vector consisting of the
values of these extra parameters. It is assumed that a
set of these parameters has been chosen which is of min-
imal dimension but is sufficient together with position
to characterise the moticn. The phase of the projectile
is then the vector obtained by combining its position
and state. It is a function of time.

9.1 Probabilistic definitions of risk

It is natural to assume that we are interested only in
events whose ocourrence depends only on characteris-
tics of the projectile motion. We therefore choose to
mode! only events which are determined as a function
of the phase and the time: the probabi;ity density funec-
tion {pdf) of such an event can in principle be chlaned
from the joint pd! of the phase and time. Events of this
type have pdfs which can be traced back to the pdfs of
the initial conditions (which presumably can be exper-
imentally determined}. Ricochet {or any other discon-
tinuity in the phase as s function of time) disrupts this
tidy scheme, but if the initial conditions of post-ricochet
Hights can be connected through a probabilistic model
with the final condifions before ricochet, it turns oul
that it is possible $o connect the pdl of the final impact
points with the pdfl of the initial conditions even alter
ricochets. This approach is adequate to treat a wide
variety of questions of practical inberest.

It is not enough to consider the pdf of the projectile
merely in space and time, even if we are not interested
in the other components of the phase, and will inte-
grate them out to obtain the appropriste marginal pdfs.
Because the trajectory is not uniquely determined by
the requirement that it pass through a particular point
in space, it becomes extremely cowmplicated—perhaps
impossible—to avoid double counting when we integrate
the pdf to obtain probabilities. On the other hand, the
defining property of the phase, thal it characterises the
motion, eliminates all double-counting problems and ap-
plies in greater generality.

2.2 The scrapmetal problem

Previous work on defining levels of risk concentrated
implicitly on the problem of contalnment: find a
closed region ' on the range surface which contains a

large proportion of the projectile impacts. Clearly this
can lead to a vessonable definition of a safe area for
persons standing on the ground.

Although not directly related 1o the issue of immedi-
ate safety (since spent bullets are not generally a haz-
ard), the containment problem is significant because
defining an area outside which only a minute fraction
of bullets are likely to be found might give a politically
accepbable method of delining range boundaries. i

The main disadvantages of using this method to de-
termine range boundaries are that it s conservative and
ignores the airspace above the range. Nonetheless, # is
worth computing, because it gives predictions which can
e checked against observation and it allows a compar-
son to be made with existing safety boundaries.

Purther, the solution to the containment problem we
illustrate below also provides most of the answer to one
of the environmental problems involved in range use:
where has all the material gone that was fired down the
range? We call this the scrapmetal problem {these
materials may inclide heavy metals for example) and
note that i alse provides the ability to caleulate levels
of risk inside the range, with the intention of allowing
the exposure of personnel in braining to a greater (but
known) level of danger.

We show in Bection 3 that our methods can solve the
scrapmetal problem in practice.

2.3 Components of the modsl

We regard the motion as consisting of a {inite number of
fights between break points. Durmg flight, the motion
is assumed 10 be governed by differential equations of
known form. These concepts will be made more precise
helow.

The model has the bilowing components:

1. break points {eg impacts on the range surface,
where ricochet may ocour);

2. & launch model, specifying the joint probability dis-
tribution of the launch parameters (l(-:g from where,
in what direction and how quickly the projectile is
fired);

3. flight models, in the lorm of diferential equations;

4. transition models (eg regression of outputs on in-
puts} providing the link between phase-lime at ter-
mination of one Right {that is, at a break pointg and
the pdf of the initial conditions of the next fight,
togebher with the probability that there is a next
fight and the pdfl of the coefficients in the flight
model for the next Bight; and

Lt

an environmental model for stmospheric condi-
tions, range topography, ele.

It was demonstrated in Pope (1991} that the general
problem eould be solved. Tor example, each of the fol-
lowing can be computed:

» pdf of point of last impact on range surface

e probability of hitting a stelionary object

# probability of hitting moving objects

e DG e



= probability of hitting & moving ohiect from 2 mov-
ing firing platform

@ probability of hitting an object with sullicient en-
eroy to canse damage.

The solution covers important special cases, inchad-

@ multiple and moving firers and targets;
& all combinations of air, ground and sea practices;

» any risk that can be defined in terms of position
and momentum of the projectile;

@ general range topography;

& a range surface constructed of non-uniform mate-
rial:

@ variation in behaviour due to weather.

In addition the risk can be computed at any point in
space and ab any time. The principal projeciile type
thet 1g excluded is guided weapons.

3 A NUMERICAL EXAMPLE

Carelul consideration needs to be given to the numerical
methods emploved In practice. The approach we have
adopted in the example deseribed below combines sim-
ulation and smoothing. Our problem is to compute the
probability density function of last impact position {Le
the scrapmetal problem).

3.1 The asswmnptions

The range surface and the launch distribution.
We model the firing of 0.5 inch hullets from a prone
nosttion at a small target 550m away on a range which
s Hat apart from & hill in the form of a spherical cap
centred at (00,0}, which represents a siop butt as 600m.
{Coordinates of points on the range are given as (7, 2},
dencting @ metres downrange and 2 metres across, with
e positive 2 direction being to the right of the positive
.} The hill has a radius of 15m where the sphere
protrudes through the plane of the rest of the range;
the radius of the sphere is 20m; this means the hill has
s height of 6.77m.

A fixed firing point is taken 0.3m above the range
surface ab {((1G). The slevation and azimuth angles of
firing and the muzzle speed are assumed to have inde-
pendent normal distributions. The mean firing elevation
w 0.01 radians, which without the hill would result in
a first impact on the range surface near 1000m. The
mean fiving esimuth i 6, which is along the positive
weaxis. The standard devistions of elevation and az-
imuth are G.007 and 0.011 radians, respectively. These
valugs are consistent with those given in UK Ordnance
Board {1980} as the values achievable in practice (with
a different weapon) according to expert opinion. The
mean muzzle speed is about 900 ms™!, and its stan-
dard deviation is 10 me™!. This standard deviation is
approximately that observed in tables (for a different
ammunition) given in UK Ordnance Board {1984),

The above combination of angles was chosen because
some bullets hit the stop butt and some clear i in ad-
dition some strike it a glancing blow, which meakes rico-
chet more Iikely. The shape of the stop butt is unusual
although the height is typical.

Ricochet models. Ricochet was simulated from a
combination of regression models fitted to experimental
data for two different types of ammunition. The first
component of this model was derived from data relat-
ing to 7.62mm ammunition, appearing in UK Ordnance
Board (1934). It is appropriate for impact on turf, and
predicts output elevation and velocity from input ele-
vation and velocity, given that a ricochet has occurred.
Thig prediction is combined with a predicted azxirnuthal
deflection obtained from a regression model fitted 4o ex-
perimental data for 0.5 inch ammunition supplied by the
US Army at Picatinny Arsenal (ARDEC, 1050).

Although these regression models combine data for
different types of ammunition, the models employed are
dimensicnless: we can hope they represent to some x4~
tent the geometry of ricochet, which perhaps does not
vary much between these two ammunitions. No betier
models are presently available.

Whether ricochet occurred at a given impact was de-
cided by a very crude model fitted to the very small
amonnt of data available (ARDIEC, 1990) relating prob-
ability of ricochet to nput variables such as angle and
speed of impact, and the nature of the surface,

Caveat The reader will have observed that, while the
modelling is detalled, where data values or appro-
priate models of behaviour were not known, they
were assumed. However, the fact that values have
been invented means that & would be entirely inap-
propricte fo use the results below for any purpose
other than to evaluale the approach being adepied.

3.2 The equations of motion and thelr solution

The equations of motion for a point-projectile in the
absence of wind may be written:

dv

— = s K {0V —

- = ~pEv —g

where v denotes the velocity of the projectile, v is the
magnitude of v, g is the acceleration due to gravity, p is
the density of bhe air {(which may vary with position) and
the coefficient K{v} is determined as described below.

The determination of X depends {in our model} on
whether the equation 1 being applied to stable or un-
stable flight. In stable flight, the projectile has low drag
because 1ts orientation is stable with the long axis ap-
proximately aligned with the direction of flight; but we
take & to depend on speed relative to the air. In unsta-
ble flight the projectile tumbles or has a high yaw angle,
wilh the long axis precsssing about the line of flight,
either of which cause the drag to be much greater. For
unstable fight, the values of K were chosen to be appro-
priate {or modelling the flight of fragments of rregular
shape. The numerical values were obtained from Bent-
ley {1986a,b).

The differential equations were soived using the sub-
routine lsodar from the lbrary ODEPACK available from
netlib. This is a variable steplength program which al-
lows testing for & terminating condition.
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3.3 Approach to the numerical calculation

A naive Monte Carlo simulation cannot be expected to
provide the sort of result we want because we are par-
ticularly interested in evaluating the probability density
al points well away from the centre of the distribution.
Monte Carlo simulation by ils nature concenirates on
the most probable regions, so to gain adequate accu-
racy at the extremes of the distribution by simulation,
a very large number of replications would be reguired.

The overall strategy we have adopted is a2 more so-
phisticated version of the Monte Carlo approach. It can
be divided iuto two stages: simulation and smoothing.
The cutput of Lhe first stage iz a histogram of impact
probabilities, which s smoothed in the second stage.

331 Simulation Step

Systematic sampling. The spproach described here
s a simple varlance reduction technigue: we simulate
ricochel but take & grid of values from the distribution
of launch elevations and azimuths. The effects of rie-
ochet are introduced in & Monte Carlo simulation, but
the sampling of the launch distribution s systemalic.
By sampling systemabically, sufficiently many points are
obtained in the regions of sparse npacts to allow rea-
sonable estimates to be made of the density there at
the same time, it is possible to keep the number of sim-
ulated rounds fired within reasonable limits. The sys-
tematic sampling forces points lo be sampled from the
extremes of the distribution.

The ‘bullets’ used in the simulation are given weights
proportional to the value of the joint probability den-
sity function of the launch parameters evaluated at their
particular combinations of muszzle speed, elevation and
agimnith. When the impact-point of a particular bullet is
valculated, the coordinates and the welght are recorded,
When this has been done sufficiently often, the result
can be thought of as a list of random coordinates and
weights which can be displayed as a three-dimensional
plot of weight against final resting point on the range
surface, Storage considerations and convenience lead us
to collect the weights in an array of bins on the range
surface, so that this plot is a histogram. This histogram
must then be smoothed and normalised to provide an
estimate of the pdf.

Randomised systematic sampling. This approach
is similar to systemabic sampling but is motivated by
the need to compute error esbimates for our results. i
is a version of importance sampling, nvolving taking
initial conditions selected randomly from a known sam-
pling distribution defined on the space of all possible
parameter values. An example is given i Lin and Pope

(1995).

3.3.2 Smoothing In Figures 1 to 4, we have simply
formed s grid over the range surface snd added the
probability weights of impacts in sach grid cell. This
results in histogram estimates that are teo smooth in
some parts and too rough in others. What is really re-
quired is an adaptive technique, which smooths by dif-
ferent amounts depending on the local behaviour of the
estimated density. However we have nol {yel) attempted
this.

3.4 Hesults

In Figure | is shown a perspective plot of 10log {1+ f)
against position on the range surface, where jp 18 the
probability density function. The estimate is given again
in a contour plot in Figure 2. The maximum range
of the weapon is approximately T000m, so the entire
range can be seen. No impacts were recorded outside
the plot-region. The smoothing in Figures 1 and 2 was
carried oub as indicated above by aggregating probabil-
ity weights within cells with edges 140m down and 100m
across range, forming & histogram on a rectangular grid.

It will be noticed that the risk is very concentrated in
this example along a narrow corrider between the firing
polnt and the stop butt. The true corridor is most lkely
narrower than indicated, as this part of the pdf is surely
oversmocthed by aggregating on our rather coarse grid.

Spread cut beyond the stop butt in & horseshoe shape
are impacts due primarily to ricochet, It will be ab-
served that there is a slight tendency for bullets to be
found to the right of the mean line of fire. This asym-
metry is due to the fact that the data used to provide
the ricochet models came from firing real bullets, which
spin; this spin apparently causes them {o be deflected
to bhe right on ricochet. While & 15 true that the tra-
jectory of a spinning bullet alse tends to curve {also to
the right in this case), this effect is not included in the
flight equations solved in this program as only a simple
point-mass projectile model was used. Introducing this
curvature would thus tend fo increase the asymmetry,
but only a3 a second-order effect.

Comparison with the safely template The poly-
gon overlaid on the contour plot in Figure 2 shows the
safety template for the ammunition being used, The
intention in using & safely femplate is that it should
contain all the fired bullets. It is clear from this Figure
that, il the model is accurate, this is not the case. [4is
of interest therefore to caleulate the probability of hit-
ting an object cutside the safely template. To achieve
this, a square witness-box centred at ‘gﬁ‘—iOO,lé{OO) with
sides parallel o the axes was introduced into the model.
This box was introduced solely to record irapacts. The
box was Zm high, had sides of length 400m, and did
not permit ricochet. The best estimate of the probabil-
ity per vound of hitting this box was 9.3 x 1078, which
gives an average probability per unit area for the box
of 5.8 » 107" m 2 H one assumes that a box one
metre square and 2m high represents a person, this sug-
gests that the probability per round of hitting a person
standing near {3400,1400) is 5.3 = 107+ This seems
appropriately low, even when 1% is remembered that the
ammunition being modelled is fired from a machice gun,
so that millions of rounds per year may be fired using
bhis safety template. Because of the length of time it
takes to perform on h calenlation, we have not been
able to estimate the standard ervor of our sstimate of
this probability. {The estimate given is based on the
simmiated firing of 2.2> 10°% bullets, and took three days
to compute on a SUN Sparcl+ workstation.)

Effect of the butt on risk near but cutside the
safety template ¥ is of interest Lo compare the above
plots with what is obtained if the range s flat. This is
shown in Figures 3 and 4. Tn comparing Figures 1 and
3, it should be noted that the horseshoe shaped hill of
ricochets is approximately the same height for the two
plots, while the spike at about (600,0) i Figure 1 is
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due to the [act that the butt does actually cateh bul-
lets, Here the template (in Figure 4) shows much less
leakage, and our estimate lor the probability of hitting
the box at (3400,1400) is now 9.7 x 10749 which is 10*
times smaller than for the range with a butt. This raises
the guestion of whether stop-hutts, which are supposed
to make ranges safer, may in fact make them more dan-
gerous. There are too many assumptions in our model
which were not based on real evidence for this question
o be answered here with any degree of confidence. We
can say that this comparison does point up the sensitiv-
ity of the model to Tentures of the terrain,

Risk in the stop butt shadow As well as the risk
at the edge of the range, we also considered the risk
near the middle Hne of ihe range, at a point behind
the stop bubh. It might be assumed that one s in a
safe area in the shadow of the butt if one is close to
the butt and the firing point is not visible. To test
this we introduced a witness-box 10m square and 2m
high, centred at (623,0). This witness-box is not visible
from the point of fire. Our estimated hit probability
per round per unit area is 3.2 x 1075, This may seem
small, but if three people always stand in this box when
firing oecurs, bhen the expected muember of hits on these
people per million rounds is about 10, If a million seems
a large pumber of rounds, the same figures imply that
the probability of one hit in 10000 rounds is about 0.1,
Omnes conclusion that can be drawn from this is that it is
to guess from diagrams {or maps) how effective
going to be in protecting parts of the range from

4 OTHER ASPECTS OF THE SOLUTION

4.1 Validation of sclution

The complexity of cur problem: renders a divect analytic
att impossible. However, a simplified model which 4
analviically soluble and is not too simple for the results
to be ohvious, but which is nol realistic in detail, has
beon developed to provide a check on the correcbness
of the computer codes. See Uamfield e of (1995) and
Pope {1805

4.2 Frror estimation

The validations referred to above provide evidence that
the relevant computer codes compute correctly. The
question still remains: can we determine how accurabely
thie computation is done on any particular occasion? In
fach we know how to do this. Because of Lthe indepen-
dence of the randomised systematic sampling, the total
sample may be divided into independent seclions, for
emch of which an estimate may be computed. The vari-
ability of the estimates between sections may be used
to asmsess the variability of the sirmilation technique. A
detailed account is in Lin and Pope (1995).
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8 CONCLUSION

Apart from the historical record, which is equivocal, we
have at present inadequate information to form a reli-
able opinion about the standard of safety mmstitution-
alised 10 present procedures. The long-term objective of
our modelling is {o provide practical procedures which
can be used after appropriate training by those respon-
sible for the management of practices on weapons firing
ranges. These procedures must be scientifically based
and the level of rigk that is involved in their use must be
known to an appropriate degree of accuracy. For some
weapons systems, this goal may be largely achievable
soon, but much remains to do.
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